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Abstract. We characterize stochastic completeness for regular Dirich- 
let forms on discrete sets. We then study how stochastic completeness of 
a subgraph is related to stochastic completeness of the whole graph. We 
show that any graph is a subgraph of a stochastically complete graph 
and that stochastic incompleteness of a suitably modified subgraph im- 
plies stochastic incompleteness of the whole graph. Along our way we 
give a sufficient condition for essential selfadjointness of generators of 
Dirichlet forms on discrete sets and explicitely determine the generators 
on all i^, 1 < p < oo, in this case. 



Introduction 

There is a long history to the study of the heat equation and spectral 
theory on graphs (see e.g. the monographs [H H] and references therein). 
A substantial part of this literature is devoted to graphs giving operators, 
which are bounded on l'^ or even on Recently, certain questions con- 
cerning unbounded operators have received attention. This is the starting 
point for our paper. 

More precisely, there are recent investigations of essential selfadjointness 
by Jorgensen fn\ and of essential selfadjointness and stochastic completeness 
of graphs by Wojciechowski [50] (see [H] as well) and Weber [12] ■ These 
investigations deal with locally finite graphs and the associated operators. 
They do not assume a uniform bound on the vertex degree or a modification 
of the measure and, accordingly, the resulting operators are not necessarily 
bounded. It turns out that the operators in question are special instances 
of generators of regular Dirichlet forms on discrete sets. In fact, there is a 
one-to-one correspondence between the regular Dirichlet forms on a discrete 
set and graphs over this set with weights satisfying a certain summability 
condition. This naturally raises the question to which extend similar results 
to the ones in [12\ [201 ^^Iso hold for arbitrary regular Dirichlet forms on 
discrete sets. Our first aim is to answer this question. In particular, we 

• characterize stochastic completeness for all regular Dirichlet forms 
on discrete sets. 

This generalizes a main result of [20] (see |19j as well for related results and 
a sufficient condition for stochastic completeness), which in turn is inspired 
by Grigor'yans corresponding result for manifolds ^llj . 
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Of course, in terms of methods our considerations concerning stochastic 
completeness heavily draw on existing literature as e.g. Sturms correspond- 
ing considerations for strongly local Dirichlet forms [16] and Grigor'yans 
results [11]. A crucial difference, however, is that our Dirichlet forms are 
not local. In this sense our results can be understood as providing some 
non-local counterpart to [lU [H] . 

As far as methods are concerned we note that our basic line of argument 
is based on resolvents while [20^ |T9] consider the heat equation. Let us 
emphasize that our treatment requires intrinsically more effort than the 
considerations of [201 [T9] as in our setting the generators of the Dirichlet 
forms are known much less explicit. In fact, in general not even the functions 
with compact support will be in their domain of definition. If these functions 
belong to the domain of definition and a certain geometric condition - called 
{A) below - is satisfied, we can 

• prove essential selfadjointness of generators on the continuous func- 
tions with compact support. 

This result extends the corresponding result of [TU [SUl dH] to all regular 
Dirichlet forms on discrete sets. Note that this includes the presence of an 
arbitrary killing term. We also give examples in which essential selfadjoint- 
ness fails (as does (^4)). 

After these considerations our second aim is to study how completeness of 
a subgraph is related to completeness of the whole graph. There, we obtain 
two results: 

• Any graph is a subgraph of a stochastically complete graph. 

• Stochastic incompleteness of a suitably modified subgraph implies 
stochastic incompleteness of the whole graph. 

Along our way, we can also 

• determine the generators for the corresponding semigroups on all i^, 
p G [l,oo) for all regular Dirichlet forms on graphs satisfying (A). 
These generators turn out to be the "maximal" ones. 

These results seem to be new even in the situations considered in [121 EOl 

US]. 

We have tried to make this paper as accessible and self-contained as pos- 
sible for both people with a background in Dirichlet forms and people with 
a background in geometry. For this reason some arguments are given, which 
are certainly well known. 

The paper is organized as follows. In Section [T] we present the notation 
and our main results. A study of basic properties of Dirichlet forms on 
graphs can be found in Section [21 In Section [3] we consider Dirichlet forms 
on graphs satisfying the condition (A) mentioned above. For these forms 
we calculate the generators of the semigroups for p G [1, oo) and we show 
essential selfadjointness of the generators on £^ (whenever the functions with 
compact support are in the domain of definition). In Section jj] we give 
examples where essential selfadjointness fails as well as examples of non- 
regular Dirichlet forms on graphs. A short discussion of the heat equation 
in our framework is given in Section \5\ Section [6] deals with extending the 
semigroup and resolvent in question to a somewhat larger space of functions. 
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In Section [7] we can then prove our first main result characterisation of 
stochastic completeness for arbitrary Dirichlet forms on graphs. Section [8] 
contains a proof that any graph is a subgraph of a stochastically complete 
graph. Section [9] contains an incompleteness criteria. 

1. Framework and results 

Throughout V will be a discrete countable set. Let m be a measure on 
V with full support (i.e. m is a map m : V — > (0, oo)). Then, (V, m) is a 
measure space. We will deal exclusively with real valued functions. Thus, 
P'{V, m), < p < oo is defined by 

{u:V — ^ IK : X] mi^)W{xW < oo}. 

Obviously, £'^{V,m) is a Hilbert space with inner product given by 
{u,v) := ''^^ m{x)u{x)v{x) and norm \\u\\ := {u,u)^. 

Moreover we denote by i°°{V) the space of bounded functions on V. Note 
that this space does not depend on the choice of m. It is equiped with the 
supremum norm || ■ ||oo- 

A symmetric non-negative form on {V, m) is given by a dense subspace D 
of i'^iy, m) called the domain of the form and a map 

Q :Dx D — > M 

with Q{u,v) = Q{v,u) and Q{u,u) > for all u,v E D. Such a map is 
already determined by its values on the diagonal. For u G £'^{V,m) we then 
define Q{u) by Q{u) := Q{u,u) if u G D and Q{u) = oo otherwise. If 
i'^{V,m) — > [0, oo), u 1-^ Q{u) is lower semicontinuous Q is called closed. 
If Q has a closed extension it is called closable and the smallest closed 
extension is called the closure oi Q. A map C : M — > M with C(0) = and 
\C{x) — C{y)\ < \x — y\ is called a normal contraction. If Q is both closed 
and satisfies Q{Cu) < Q{u) for all u G i'^{V,m) it is called a Dirichlet form 
on (y,m) (see [3} l6l \T0\ [T^ for background on Dirichlet forms). 

Let Cc(V) be the space of finitely supported functions on V. A Dirichlet 
form on {V,m) is called regular if D{Q) n Cc{V) is dense in both Cc{V) 
and D{Q). As discussed below, for such a regular form the set Cc{V) is 
necessarily contained in the form domain. Thus, a Dirichlet form Q is regular 
if it is the closure of its restriction to the subspace Cc{V). Regular Dirichlet 
forms on {V, m) are given by graphs on V, as we discuss next (see Section 
[2] for details). A symmetric weighted graph over F or a symmetric Markov 
chain on V is a pair (6, c) consisting of a map b : V x V — [0, oo) with 
6(x, x) = for all X € V and a map c : V — [0, oo) satisfying the following 
two properties: 

(bl) b{x,y) = b{y,x) for all x,y gV. 
(b2) Y^y(,Y b{x, y) <oo for ah x eV. 

We can then think of (6, c) or rather the triple {V, b, c) as a weighted graph 
with vertex set V in the following way: An x G V with c{x) 7^ is then 
thought to be connected to the point 00 by an edge with weight c(x). 
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Moreover, x,y £ V with b{x, y) > are thought to be connected by an 
edge with weight b{x,y). The map b is called the edge weight. The map 
c is called killing term. Vertices x,y (z V with b{x, y) > are called 
neighbors. More generally, x,y £ V are called connected if there exist 
xq,xi, . . . ,Xn, Xn+i, £ V with b{xi,Xi+i) > 0, i = 0, ...,n and xq = x, 
Xn = y- This allows us to define connected components of V in the obvious 
way. 

To {V, b, c) we associate the form Q'^'^p = Q™^"^ on Cc{V) with diagonal 
Qcomp . (j^^Y^ — , [0, oo] given by 

gcomp^^^^l ^ bix,y)iu{x)-uiy)f + ^cix)uixf. 

x,yeV X 

Obviously, Q'^°^p is a restriction of the form Q™"^ = Q^^^ defined on 
£'^{V,m) with diagonal given by 

gma.(^)^l ^ b{x , y)iuix) - u{y))^ + c{xMx)'' . 
x,y£V X 

Here, the value oo is allowed. It is not hard to see that Q™''^ is closed and 
hence Q^°^p is closable on i'^{V,m) (see Section [2]) and the closure will be 
denoted hy Q = Qb,c,m and its domain by D{Q). Thus, there exists a unique 
selfadjoint operator L = Ltc,™ on i'^{V,m) such that 

D{Q) := {u G f{V,m) : Q{u) < oo} = Domain of definition of L^/^ 

and 

Q{u) = {L^/'^u,L^/'^u) 

for u G D{Q) (see e.g. Theorem 1.2.1 in [6J). As Q is non-negative so 
is L. Moreover, it is not hard to see that Q"^"-^{Cu) < Q"^"-^{u) for all 
u € £'^{V,m) (and in fact any function u) and every normal contraction C. 
Theorem 1.3.1 of [TU] then implies that Q also satisfies Q{Cu) < Q{u) for 
all u G ("^{V, m) and hence is a Dirichlet form. By construction it is regular. 
In fact, every regular Dirichlet form on {V, m) is of the form Q = Qb,c,m (see 
Theorem E] in Section [2]). 

Remark. Our setting generalizes the setting of |12[ [1^1 1^ to Dirichlet 
forms on countable sets. In our notation, the situation of |19t [20] can be 
described by the assumptions m = 1, c = 0, and 6(x, y) G {0, 1} for all x,y € 
V with X ^ y and the setting of [12] can be described by m = 1, c = and 
b{x, y) = for all but finitely many y for each x £ V. In particular, unlike 
[T2l [T9l [20] we do not assume finiteness of the sets {y £ V : b{x,y) > 0}, 
(x G V). 

Let now a measure monV with full support and a graph (6, c) over V be 
given. Let Q be the associated form and L its generator. Then, by standard 
theory [71 \W[ [H], the operators of the associated semigroup e~*^, t > 0, 
and the associated resolvent a{L + a)~^ , a > are positivity preserving and 
even markovian. Positivity preserving means that they map non-negative 
functions to non-negative functions. In fact, if (V, b, c) is connected they 
are even positivity improving, i.e. map non-negative nontrivial functions to 
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positive functions (see Section [2]). Markovian means that they map non- 
negative functions bounded by one to non-negative functions bounded by 
one. This can be used to show that semigroup and resolvent extend to all 
i^iy, m), 1 < p < oo. These extensions are consistent i.e. two of them agree 
on their common domain [6]. The corresponding generators are denoted 
by Lp, in particular L = L2. We can describe the action of the operator 
Lp explicitely in Section [2]) as follows (see Theorem [8]) : Define the formal 
Laplacian L = Lfj^cm on the vectorspace 

F ■.= {u:V — ^ M : X] \Kx,y)uiy)\ < cx) for all x G F } (1) 

y 

by 

y 

where, for each x V, the sum exists by assumption on u. Then, Lp is a 
restriction of L for any p € [1, cjo]. 

After having discussed the fact that these are different semigroups on 
different £p spaces, we will now follow the custom and write e~*^ for all of 
them. 

The preceeding considerations show that 

< e"*-^l(x) < 1 

for all t > and x (zV. The question, whether the second inequality is actu- 
ally an equality has received quite some attention. In the case of vanishing 
killing term, this is discussed under the name of stochastic completeness or 
conservativeness. In fact, for c = and b{x,y) S {0,1} for all x,y £ V, 
there is a characterization of stochastic completeness of Wojciechowski j20) 
(see [19j for related results as well). This characterization is an analogue to 
corresponding results on manifolds of Grigor'yan [Tl] and results of Sturm 
for general strongly local Dirichlet forms |16j . 

Our first main result concerns a version of this result for arbitrary regular 
Dirichlet forms on graphs (see Section [7] for details and proofs concerning 
the subsequent discussion): In this case, we have to replace e~*^l by the 
function ^ 

Mtix) := e-^^l{x) + [ e~'^c{x)ds, xeV. 
Jo 

This is well defined, satisfies < M < 1 and for each x , the function 
t I— >• Mt{x) is continuous and even differ entiable. Note that for c = 0, we 
obtain M = e~*^l whereas for c 7^ we obtain Mj > e~*^l on any connected 
component of V on which c does not vanish identically (as the semigroup is 
positivity improving). The term e~*^l can be interpreted as the amount of 
heat contained in the graph at time t and the integral can be interpreted as 
the amount of heat killed within the graph up to the time t. Thus, 1 — Mt 
is the amount of heat transported to the boundary of the graph by the time 
t and Mt can be interpreted as the amount of heat, which has not been 
transported to the boundary of the graph at time t. Our question then 
becomes whether the quantity 



l-Mt 
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vanishes identically or not. Our result then reads. 

Theorem 1. ( Characterization of heat transfer to the boundary) Let {V, b, c) 
be a weighted graph and m a measure on V of full support. Then, for any 
a > 0, the function 

/•oo 

w := ae-*"(l - Mt)dt 
Jo 

satisfies < w < I, solves {L + a)w = 0, and is the largest non-negative 
I < 1 with {L+a)l < 0. In particular, the following assertions are equivalent: 

(i) For any a > there exists a nontrivial, non-negative bounded I with 
{L + a)l<0. 

(ii) For any a > there exists a nontrivial bounded I with {L + a)l = 0. 

(iii) For any a > there exists an nontrivial, non-negative bounded I 
with (L + a)l = 0. 

(iv) The function w is nontrivial 

(v) Mt{x) < 1 for some x (zV and some t > 0. 

(vi) There exists a nontrivial bounded non-negative : y x [0, oo) — > 
[0, oo) satisfying LN + = and Nq = 0. 

Remark. Conditions (ii) and (iii) deal with eigenvalues of L considered 
as an operator on i°°{V). In particular, (ii) must fail (for sufficiently large 
a) whenever L gives rise to a bounded operator on i°°{V). 

This theorem suggests the following definition for stochastic complete- 
ness and stochastic incompleteness in the general case of Dirichlet forms on 
graphs. 

Definition 1.1. The symmetric weighted graph (y,b,c) with the measure m 
of full support is said to satisfy (SI) if for all a > 0, there exists a positive 
bounded solution v to {L + a)v < 0. The symmetric weighted graph {V, b, c) 
is said to satisfy (SC) if it does not satisfy (SI). 

Remark. Note that validity of (SI) depends on both (V, 6, c) and m. 
In fact, for given [V, b, c) it is always possible to choose m in such a way 
that L becomes a bounded operator on i°°{V, m). Then, (SC) holds (by the 
previous remark). 

A subgraph (W, bwi cw) of a weighted graph (y, b, c) is given by a subset 
ly of y and the restriction bw oibtoWxW and the restriction cw of c to 
W. The graph {V,b,c) is then called a supergraph to {W,hw -iCw)- Given 
a measure m on 1/ we denote its restriction to W by mw- The subgraph 
{W, bw,cw) then gives rise to a form on i'^(W, my/) with associated operator 

The following result seems to be new even in the setting considered in 
[191120]. 

Theorem 2. Any weighted graph is the subgraph of a graph satisfying (SC). 
This supergraph can be chosen to have vanishing killing term if the original 
graph has vanishing killing term. 
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Remark. Note that (in the common definitions) the volume growth of bahs 
in a graph dominates the volume growth of balls in any of its subgraph. 
Thus, the theorem has the consequence that failure of (SC) can not be 
inferred from lower bounds on the growth of volumes of ball. 

While subgraphs do not force incompleteness according to the previous 
theorem, suitably adjusted subgraphs do force incompleteness on the whole 
graph. In order to be more precise, we need some more notation. 

Let {V, b, c) be a symmetric graph with measure m of full support and W a 
subset of V. Let mw be the restriction of m to W. Let i\Y : £'^(W, niiy) — > 
£'^{V,m) be the canonical embedding, i.e. iw{u) is the extension of u to 
V by setting iwiu) identically zero outside of W. Let pw '■ i'^{V,m) — > 
£'^{W,mw) be the canonical projection i.e. the adjoint of iw- Then, W 
gives rise to the form on £'^(W,mw) defined by 

QwH'^) = Q{iwu) = Qbw,cw{'^) + XI dw{x)u{xf. 

xew 

Here, dw{x) = J2yeV\wHxiy) describes the edge deficiency of vertices in 
W compared to the same vertex in V. Thus, is in fact the form to the 
weighted graph (W,b^\c^^) with 

= bw and c[^^ = cw + dw 

In particular, is a Dirichlet form. The associated self adjoint operator 
will be denoted by . It is given by 

^V = PwLiw- 

This operator is sometimes thought of as a restriction of the original oper- 
ator to W with Dirichlet boundary condition. For this reason we include 
the superscript D in the notation. Another interpretation (suggested by 
the above expression for the form) is to think about the graph which arises 
from the subgraph W by adding one way edges to a vertex at infinity ac- 
cording to the mentioned edge deficiency. Again, it is not hard to express 
the action of L^'' explicitely. In fact, the above considerations applied to 
{W, , c^'' , mw) show that 

for any u G D(L^^). Here, the formal Dirichlet Laplacian Lj^-* on W is 
given by 



{D) 

m 



rr ( ~ b{x,y)u{y) + c{x)u{x) j 

\yev yew J 



for X G I^. These considerations give that for a function u on W (which is 
extended by to V) the equality 

l'^\{x) = Lu{x) (2) 
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holds for any x G W . This will be used repeatedly in the sequel. Note also 
that for W = V we recover the operator on the whole graph i.e. Ly'^ = L 
and L^^-* = L. 

The following result seems to be new even in the setting considered in 
[13 [20]. 

Theorem 3. Let {b, c) be a graph over V and m a measure on V of full 
support. Then (SI) holds, whenever there exists W such that the graph 

{b^^\c^^) over the measure space {W,mw) satisfies (SI). 

So far, we have not discussed the precise domains of definition for our 
operators. In fact, the actual domains have been quite irrelevant for our 
considerations. 

To determine the domains we need a geometric condition saying that any 
infinite path has infinite measure. More precisely, we define condition {A) 
as follows: 

{A) For any sequence of pairwise different elements of V such that 
b{xmXn+i) > for all n € N, the equality m({a;„ : n £ N}) = oo 
holds. 

Note that (A) is a condition on {V, m) and (6, c) together. If 

inf rux > 

holds, then {A) is satisfied for all graphs (6, c) over V. 

Our result reads as follows. We are not aware of an earlier result of this 
form in this context. 

Theorem 4. Let (V, b, c) be a weighted graph and m a measure on V of full 
support such that (A) holds. Then, for any p € [1, oo) the operator Lp is the 
restriction of L to 

D{Lp) = {ue iP{V, m):Lu£ £P{V, m)}. 

Remark. The theory of Jacobi matrices already provides examples show- 
ing that without {A) the statement becomes false for p = 2. This is discussed 
in Sectional 

The condition (A) does not imply that Lf belongs to i'^{V,m) for all 
/ G Cc{V). However, if this is the case, then (A) does imply essential 
selfadjointness. In this case, Q is the "maximal" form associated to the 
graph {b,c). More precisely, the following holds. 

Theorem 5. Let V be a set, m a measure on V with full support, (b, c) a 
graph over V and Q the associated regular Dirichlet form. Assume LCc(V) C 
l^{V,m). Then, D{L) contains Cc{V). If furthermore {A) holds, then the 
restriction of L to Cc{V) is essentially selfadjoint and the domain of L is 
given by 

D{L) = {n G f{V,m) : Lu G f{V,m)} 
and the associated form Q satisfies Q = Q™'"^ i.e. 

Q{u) = ]^ ^ b{x,y){u{x) -u{y)f + ^c{x)u{xf 

x,yeV X 
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for all u G i'^{V, m). 

Remark, (a) If inf > then both {A) and LCc{V) C f{V, m) hold for 
any graph (6, c) over V . In this case, we recover the corresponding results of 
[5t r20, .19j on essential selfadjointness, as these works assume m = l. (They 
also have additional restrictions on h but this is not relevant here). 

(b) The statement on the form being the maximal one seems to be new 
even in the context of p i^fT^ 

(c) Essential selfadjointness fails if {A) does not hold as can be seen by 
examples (see Section H] and previous remark) . 

2. DiRICHLET FORMS ON GRAPHS - BASIC FACTS 

In this section we consider a countable set V together with a measure m 
of full support. 



Lemma 2.1. Let Q he a regular Dirichlet form on (V,m). Then, Cc{V) is 
contained in D{Q). 

Proof. Let x ^ V bet arbitrary. Choose ip E Cc{V) with ip{x) = 2 and 
^p{y) = for all y x. As Cc(F) n D{ff) is dense in Cc(F) with respect to 
the supremum norm, there exists "0 G D{Q) with ip{x) > 1 and I'^d/)] < 1 
for all y ^ X. As Q is a Dirichlet form, D{Q) is invariant under taking 
modulus and we can assume that ip is non-negative. As Q is a Dirichlet 
form, also ip := tp Al belongs to D(Q). (Here, A denotes the minimum.) As 
D{Q) is a vectorspace it contains ip — tp and this is a (nonzero) multiple of 
(p by construction. As x & V was arbitrary, the statement follows. □ 

Lemma 2.2. Let Q he a regular Dirichlet form on {V,m). Then, there 
exists a weighted graph (6, c) over V such that the restriction of Q to Cc{y) 
equals Q^^^ ^ . 

Proof. By the previous lemma, Cc{V) is contained in D{Q). Then, for any 
finite K CV, the restriction Qk of Q to Cc{K) is a Dirichlet form as well. By 
standard results (see e.g. [I]), there exists then bx, ck with Qk = Q'h^cK' 
For K O K' and x,y € K it is not hard to see that bxix, y) = bx'ix, y) and 
ck{x) > ck'{x). Thus, a simple limiting procedure gives the result. □ 

Lemma 2.3. Let m he a measure on V of full support. Let {b,c) be a 
weighted graph over V . Then, Q™"^ is closed and Ql°^^ is closable and its 
closure Qb.c is a restriction of Q'^^^. 

Proof. It suffices to show that Q^^m closed. Thus, it suffices to show 
lower semicontinuity of u i-^ QTcmi'^^'^)- This follows easily from Fatous 
lemma. □ 

Theorem 6. The regular Dirichlet forms on (y,m) are exactly given by the 
forms Qb.c,m with weighted graphs (b,c) over V. 

Proof. By the previous lemma and the discussion in Section [H any Qh,c,m is a 
regular Dirichlet form. The converse follows from the previous lemmas. □ 
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We now discuss two results on solutions of the associated difference equa- 
tion. These results will be rather useful for our further considerations. We 
start with a version of a minimum principle. 

Theorem 7. (Minimum principle) Let {V, b, c) be a weighted graph and m a 
measure on V of full support. Let U (^V be given. Assume that the function 
u on V satisfies 

• (L + a)u >0 on U for some a > 0, 

• The negative part u~jj := u \u AO of the restriction of u to U attains 
its minimum, 

• u > on U^. 

Then, u = oder u > on each connected component of U. In particular, 
u>0. 

Proof. Without loss of generality we can assume U is connected. If u > 
there is nothing left to show. It remains to consider the case that there 
exists X E [/ with u{x) < 0. As the negative part of u on U attains its 
minimum, there exists then Xm S U with u{xm) < u{y) for all y (z U. As 
u{y) > for y G V^, we obtain u{xm) — u{y) < for all y ^ V . By the 
supersolution assumption we find 

< ^ b{Xm,y){u{Xm) - u{y)) + c{x,ri)u{Xm) + au{Xm) < 0. 

As b and c are non-negative and a > 0, we find = u{xm) and u{y) = 
u{xm) = for all y with y ~ Xm- As U is connected, iteration of this 
argument shows = on [/. □ 

The following lemma will be a key tool in our investigations. Note that 
its proof is rather simple due to the discreteness of the underlying space. 

Lemma 2.4. (Monotone convergence of solutions) Let a € M, / : y — > M 
and u : V — > M be given. Let (u„) be a sequence of bounded non-negative 
functions on V with Un < Un+i for all n G N, and Un ^ u pointwise and 
{L + a)un{x) f{x) for any x £ V. Then, u belongs to the set F given in 
^ on which L is defined and the equation (L + a)u = f holds. 

Proof. Without loss of generality we assume m = 1. By assumption 

(L + a)un{x) = ^ b{x, y){un{x) - Un{y)) + (c(x) + a)un{x) 

y&V 

converges to f{x) for any x £ V. As X^yev ^(^) y)^n(^) converges in- 
creasingly to u{x)J2y^v^(^'y) ^ assumptions on Un show that 
X^j^gy y)uri(y) must converge as well and we easily obtain the state- 
ment. □ 

We next discuss some fundamental properties of regular Dirichlet forms. 
These properties do not depend on the graph setting. They are true for 
general Dirichlet forms and can, for example, be found in the works |171ll8j. 
For the convenience of the reader we include short proofs based on the 
previous minimum principle. 
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Proposition 2.5. (Domain monotonicity) Let (V, b, c) be a symmetric graph. 
Let Ki C V be finite and K2 C V with Ki C K2 be given. Then, for any 
X e Ki 

(^S^+«rV(^)<(4?+«rV(x) 

for all f G i'^{V, m) with / > and supp f ^ Ki. 

Proof. Consider / € i'^{V,m) with / > and supp/ C Ki and define 
Ui := {L^^^ + a)~^f, i = 1,2. Extending Ui by zero we can assume that Ui 
are defined on the whole of V . Then, 

(L + a)ui = f on Ki 

for i = 1,2. Therefore, w := U2 — ui satisfies 

• w = U2 > on Kf. 

• The negative part of w attains its minimum on Ki (as Ki is finite). 

• {L + a)w = f - f = on Ki. 

The minimum principle yields w >0 on V. □ 

Regularity is crucial for the proof of the following result. 

Proposition 2.6. (Convergence of resolvents/semigroups) Let (V, 6, c) be a 
symmetric graph, m a measure on V with full support and Q the associated 
regular Dirichlet form. Let {Kn) be an increasing sequence of finite subsets 

of V with V = []Kn. Then, (L^fj + a)'^ f ^ (L + n ^ 00 for 

any f G l'^{Ki,mK-^). (Here, {L^^^ +0)""^ f is extended by zero to all ofV). 
The corresponding statement also holds for the semigroups. 

Proof. By general principles it suffices to consider the resolvents. After 
decomposing / in positive and negative part, we can restrict attention to 
/ > 0. Define Un ■= {L^k} + a)""*^/. Then, Un > 0. Now, by standard 
characterization of resolvents (see e.g. Section 1.4 in [TO]), Un is the unique 
minimizer of 

QkM +a\\u- -ff. 

a 

By domain monotonicity, the sequence (u„(x)) is monotonously increasing 
for any x (zV. Moreovever, by standard results on Dirichlet forms we have 
Un < ^11 /II 00 and ||m„|| < ^||/||. Thus, the sequence m„ converges pointwise 
and in £'^(V,m) towards a function u E i'^{V,m). Let now w S Cc{V) 
be arbitrary. Assume without loss of generality that the support of w is 
contained in Ki. Then, Q{w) = Qx^iw) for all n G N. Closedness of Q, 
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convergence of the (un) and the minimizing property of each u„ then give 

Q{u)+a\\u--ff < hminfg(n„) +a||u- -/f 
a, n^oo a 

= hminf ( + a||u„ - -/ll^ 

n^oo y a 

= liminf (Qi^„(u„) + q;||u„ - -/Ip 

< hminf ( Q;^,^(u;) + a||w - — /Ip 
n^oo y a 

= Qiw) + a\\w--ff. 

a 

As € Cc{V) is arbitrary and Q is regular (!), this implies 

Q(n) + a\\u - -ff < Q{v) + a\\u - -ff 
a a 

for any v € D{Q). Thus, u is a minimizer of 

Q{u) + a\\u- - ff. 

a 

By characterization of resolvents again, u must then be equal to (L + a)~^/. 

□ 

We can use the previous result to connect the operators L to the formal 
operator L. To do so we need two further results. 

Proposition 2.7. Let {V, m) be given and (b, c) a graph over V . Let K CV 
be finite. Then, L^j^^ is a bounded operator with 

L^K^f{x) = -^[Y,h{x,y){f{x)-f{y)) + [ b{x,y) + cix))fi, 

mix) \ ^-^ ^-^ 
^ ' \yeK yeV\K 

Ln particular, LiK{f){x) = L^j^^ f {x) for all x € K, where ix '■ i'^iK^mx) — > 
i'^{V,m) is the canonical embedding by extension by zero. 

Proof. Every linear operator on the finite dimensional i'^{K, mx) is bounded. 

Thus, we can directly read off the operator L^^^ from the form given 

by Q'^x \u) := Q{iKu). This gives the first claim. The last statement follows 
easily. □ 

Lemma 2.8. Let iy,m) be given and {b,c) a graph over V. Let p £ [l,oo] 
be given. For any g G P^{y,m), the function u := {Lp + a)^^g belongs to the 
set F given in ^ on which L is defined and solves {L + a)u = g. 

Proof. We first consider the case p = 2. If suffices to consider the case 
/ > 0. Choose an increasing sequence {Kn) of finite subsets of V with 
\}KKn = V and let g„ be the restriction of g to Kn- Then, {gn) converges 
monotonously increasying to g in £'^{V,m) and consequently (L + a)~^gn 
converges monotonously increasing to u. Thus, by monotone convergence 
of solutions, we can assume without loss of generality that g has compact 
support contained in Ki. By convergence of resolvents, Un := {L^k^ +a)~^g 



13 



then converges increasingly to u := (L + a) ^g. Moreover, by the previous 
proposition Un satisfies (L + a)un = g on Kn- Thus, the statement follows, 
again by monotone convergence of solutions. 

We now turn to general p G [1,00]. Again, it suffices to consider the 
case g > 0- Choose an increasing sequence (Kn) of finite subsets of V with 
(J Kn = V and let gn be the restriction oi g to Kn- Then, Un := {Lp+a)~^gn 
converges to u. Moreover, as g„ belongs to i'^{V,m) consistency of the 
resolvents gives m„ = (L + a)~^gn- Now, on the i'^{V, m) level we can apply 
the considerations for p = 2 to obtain 

(L + a)un = (L + a){L + ay^gn = gn- 

Taking monotone limits now yields the statement. □ 

We can now give the desired information on the generators. 

Theorem 8. Let (V, b, c) be a weighted graph and m a measure on V of full 
support. Let p € [1, 00] be given. Then, Lpf = Lf for any f G D{Lp). 

Proof. Let / G D{Lp) be given. Then, g := {Lp + a)f exists and belongs to 
^^(y, m). By the previous lemma then / = (Lp + a)~^g solves 

{L + a)f = g = {Lp + a)f 
and we infer the statement. □ 

We also note the following by product of our investigation (see [201 EHl E] 
for this result for locally finite graphs). 

Corollary 2.9. (Positivity improving) Let (y, b, c) be a connected graph and 
L the associated operator. Then, both the semigroup e~^^ , t > 0, and the 
resolvent (L + oi)~^ , a > 0, are positivity improving (i.e. they map non- 
negative nontrivial l"^ -functions to strictly positive functions) . 

Proof. By general principles it suffices to consider the resolvent. Let / G 
l'^{V,m), / > be given and consider u := (L + a)""*^/. Then li > as 
the resolvent of a Dirichlet form is positivity preserving. If u is not strictly 
positive, there exists an x with u{x) =0. As u is non-negative, u attains 
its minimum in x. By Lemma 12.81 u satisfies (L + a)u = / > 0. We can 
therefore apply the minimum principle (with U = V) io obtain that n = 0. 
This implies / = 0. □ 

3. Generators of the semigroups on i'P and essential 

SELFADJOINTNESS ON l"^ 

In this section we will consider a symmetric weighted graph {V, b, c) and 
a measure m on V oi full support. We will be concerned with explicitly 
describing the generators of the semigroups on and studying essential 
selfadjointness of the generator on i'^. Both issues will be tackled by proving 
uniqueness of solutions on the corresponding spaces. The results of this 
section are not needed to deal with stochastic completeness. 

Recall the geometric assumption introduced in the first section: 
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(A) For any sequence of pairwise different elements of V such that 
b{xn, Xn+i) > for all n G N, the set {xn : n G N} has infinite 
m-measure. 

The relevance of (A) comes from the following variant of the minimum 
principle: 

Proposition 3.1. Assume (A). Let a > 0, p £ [l,oo) and u € HPiy^m) 
with (L + a)u > be given. Then, u > 0. 

Proof. Assume the contrary. Then, there exists an xq V with u{xq) < 0. 

By 

< {L + a)u{xo) = ] y^h{xo,y){u{xQ)-u{y))+ ^^^^\ u{xo) + au{xo) 
m{XQ) ^ rn[XQ) 

there must exist an xi connected to xq with u{xi) < u{xo). Continuing in 
this way we obtain a sequence {xn) of connected points with < u{xq) < 

0. Combining this with (A) we obtain a contradiction to u € l'^(y,m). □ 

Let us note the following consequence of the previous minimum principle. 

Lemma 3.2. (Uniqueness of solutions on P') Assume {A). Let a > 0, 
p G [1, oo) and u € P'iV, m) with (L + a)u = be given. Then, u = 0. 

Proof. Both u and —u satisfy the assumptions of the previous proposition. 
Thus, M = 0. □ 

Remark. The situation for p = cxd is substantially more complicated as 
can be seen by (part (ii) of) our first theorem. 



This lemma allows us the describe the generators. 

Proof of Theorem Define 

Dp := {u G £P{V,m) : Lu G 

By Theorem [8] we already know Lpf = Lf for any / G D{Lp). It remains 
to show Dp C D{Lp): Let / G Dp be given. Then, g := {L + a)f belongs to 
(P{y,m). Thus, u := {Lp + a)~^g belongs to D{Lp). Now, as shown above 
u solves (L + a)u = g. Moreover, / also solves this equation. Thus, by the 
uniqueness of solutions given in Lemma 13.21 we infer f = u and / belongs 
to D{Lp). This finishes the proof. □ 

We now turn to a study of essential selfadjointness on Cc{V). Clearly, the 
question of essential selfadjointness on CciV) only makes sense if LCciV) C 
£'^{V,m). In this context, we have the following result: 

Proposition 3.3. Let {V,m) be given and {b,c) a graph over V. Then, the 
following assertions are equivalent: 

(i) LCc{V)ce''{V,m). 

(ii) For any x £ V, the function V — > [0, oo), y i—>- b{x, y)/m{y) belongs 
to e{V,m). 
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In this case any u G i'^(V,m) belongs to the set F of 1^ on which L is 
defined and three sums 

""^^ u{x)Lv{x)m(x), Lu{x)v{x)m{x) 

x&V x&V 

and 

\ X] Kx,y){u{x) -u{y){v{x) -v{y)) + ^c{x)u{x)v{x) 

x,y£V x&V 

converge absolutely and agree, for all u G £'^{V,m) and v £ Cc{V). 

Proof. Without loss of generality we assume c = 0. For any x £ V define 
^x '■ V — > by (5a;(y) = f if X = y and 5x{y) = ii x ^ y. 

Obviously, (i) is equivalent to L6x € £'^{V,m) for all x £V. This latter 
condition can easily be seen to be equivalent to (ii). This shows the stated 
equivalence. 

Let u G £'^{V,m) be given. Then, for any x £ V, Cauchy-Schwarz in- 
equality and (ii) give 

. 1/2 / \ 1/2 

b'^{x,y) ' 



yeV \y&V I \y£V 



Thus, u belongs to F. To show the statement on the sums, it suffices 
to consider u G i'^{V,m) and v = 6z, for z £ V arbitrary. In this case, 
the desired statements can easily be reduced to the question of absolute 
convergence of 

E b{x,y)u{x)6;,{x) and ^ b{x,y)u{x)6z{y). 

^ij/^y X,yS:V 

This absolute convergence in turn is shown in (*). □ 

Proof of Theorem\^ Without loss of generality let c = 0. As LCciV) C 
(-"^{V, m) we can define the minimal operator Lmin to be the restriction of L 
to 

D{L,^,^) := C,{V) 
and the maximal operator -Lmax to be the restriction of L to 

I)(^max) := {u £ t^{V,m) : Lu £ e{y,m)). 
The previous proposition gives 

for all u,v £ Cc{V). This extends to give 

{u,L^inV) = Qb,c,m{u,v) 

for all u £ D{Q) and v £ Cc{V). Thus, Lmin is a restriction of L in this 
case. 

Moreover, the previous proposition gives also 

(u,Linin'y) = Lu{x)v{x)m{x) 
x&V 
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for all V G Cc{V) and u e f{V,m). Thus, 

r * — T 



mm 



Thus, essential selfadjointness of Lmin is equivalent to selfadjointness of 
-^max- This in turn is equivalent to L = Lmax (as we have L C Lmax by Theo- 
remSI. As {A) and Theorem H yield D{L) = {u £ f{V, m) -.Lue f{V, m)}, 
we infer L = -Lmax and essential selfadjointness of the restriction of L to 

Cc{y) (= -^^min) follows. 

It remains to show the statement on the form. Let Q'""^ be the maximal 
form i.e. 



Qma.^^^ := ^ ^ b{x,y)iuix) - u{y)f + J] c{x)i 



x,y£V xdV 



for all u G £'^{V,m) and Lqmax the associated operator. Then, another 
application of the previous proposition shows 



Lu{x)v{x)m{x) 

\ X] K^^y)iu{x)-u{y)){v{x)-v{y)) + ^c{x)u{x)v{2 
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x^y^V xGV 

= {LQmaxU,v) 

for all u G D(LQmax) and v G Cc{V). This gives that the self-adjoint 
operator Lq-max associated to Q^""^ satisfies 

Lgmaxu = Lu = Lu 

for all u G D^Lgmax). Thus, 

As L is selfadjoint, we infer Lqmax = L and the statement on the form 
follows. □ 

4. Some counterexamples 

In this section, we first discuss an an example showing that without con- 
dition (A) Theorem H] and Theorem [5] fail in general. We then present an 
example of a non-regular Dirichlet form on a graph. 

Example for failure of Theorem |4] and [5] without assumption {A). 
Let V = Z. Let (at first) every point of Z have measure 1. Consider the 
bounded operator 

A : — > f{Z), {Aip){x) = -ip{x - 1) + 2ip{x) - ip{x + 1). 

It corresponds to the Dirichletform Qb,o,i with b{x, y) = 1 whenever |x — y| = 
1. A direct calculation shows that the function 

u:V — >M, u(x) := e^"" 
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is a positive solution to the equation (A + a)u = for a = e ^ + e'^ — 2. 
Obviously, we have a > for A large enoug h. Now let w G it; > and 

define the measure 

w(x') 

m : V — > (0, cxd), m(x) = min{l, } 
and the killing term 

c : V — > [0, oo), c(x) := max{0, — — l}am(x). 

w[x) 

By construction, then, u belongs to £^(Z,m) and 

a c 

\ h a = 0. 

m m 

Let L be defined by 

Lv{x) := -^j— V b{x,y){v{x) - v{y)) + 

mix) ^-^ mix) 
^ ' y&V ^ ' 

i.e. in a formal sense L = ^(A + c). Then, the restriction Lmax of L to 

{v G ^2(Z,m) : Lv G ^^(Z,^)} 

has the eigenvalue — a < since 

(-Z^max + a)ti(a;) = ( -— + — + a ) n(x) = 0. 

\ m m / 

Consider now the operator L associated with the Dirichletform Qb,c,m on 
iP['L,m). Of course, L is a positive operator and therefore can not have a 
negative eigenvalue. Moreover, by the results of the previous section, this 
operator is a restriction of L. This implies that u can not belong to D[L) 
and therefore D{L) ^ D{L^i^x)- Thus, the domain of definition D(L) is 
not given by Theorem HI In this case the restriction of L to Cc{V) is not 
essentially self-adjoint (as the proof of Theorem [5] showed that otherwise 

L = imax-) 

Example of a non-regular Dirichlet form on V 

We consider connected graphs {V, b, c) with c = and y) G {0, 1} for all 
x,y & V. As discussed by Dodziuk-Kendall [9j (see [U [l3] as well) in the 
context of isoperimetric inequalities, any such graph with positive Cheeger 
constant q > has the property that 

^ ^ b{x, y){^{x) - ^{y)f >yY. di^M^f 
x,y 

for all if G Cc{V), where d{x) = YlyeV^^^-'V)- "^^^ such a graph be 
given. Fix an arbitrary xq G V . Choose a measure m with support V and 
miy) = 1. Thus, the constant function 1 belongs to l'^{V,m). Define the 
form Q by 

for all u G £'^{V,m) for which Q{u) is finite. Obviously, Q is a Dirichlet 
form and the constant function 1 satisfies Q{1) = 0. Let now be any 
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sequence in Cc{V) converging to 1 in i'^{V,m). Then, ipn{xo) converges to 
1. In particular, 

Q{V>n) > —d{xo)ipn{xof ^ > 0,71 ^ OO. 

Thus, Q{(pn) does not converge to = Q{1). Hence, Q is not regular. 
5. The heat equation on £°° 

In this section we consider a symmetric graph (6, c) over the measure 
space {V, m) with associated formal operator L. 

A function N : [0, oo) x V — > M is called a solution of the heat equation 
if for each x &V the function t i— > Nt{x) is continous on [0,oo) and differ- 
entiable on (0, oo) and for each t > the function Nt belongs to the domain 
of L and the equality 

^iVt(x) = -LNtix) 

holds for all t > and x (z V. For a bounded solution N validity of this 
equation can easily be seen to automatically extend to t = i.e. t i— > Nt{x) 
is differentiable on [0, oo) and ^Nt{x) = —LNt{x) holds for any i > 0. 

The following theorem is essentially a standard result in the theory of 
semigroups. In the situation of special graphs it has been shown in [201 IS]. 
For completeness reason we give a proof in our situation as well. 

Theorem 9. Let L be a self-adjoint restriction of L, which is the generator 
of a Dirichlet form on £'^(V,m). Let v he a hounded function on V and 
define N : [0, oo) x V — > M hy Nt{x) := e~^^v{x). Then, the function 
N{x) : [0, oo) — > M, t 1-^ Nt{x), is differentiable and satisfies 

j^Nt{x) = -LNtix) 

for all X and t > 0. 

Proof. Without loss of generality we can assume m = 1. As u is bounded, 
continuity of t i-^ Nt{x) follows from general principles on weak con- 
tinuity of the semigroup on i°°{V,m), see e.g. [6]. It remains to show 
differentiability and the validity of the equation. 

As discussed already, it suffices to consider t > 0. After decomposing v 
into positive and negative part, we can assume without loss of generality 
that V is non-negative. 

Let (Kn) be sequence of finite increasing subsets of V with |J Kn = V. Let 
Vn be the function on V which agrees with v on Kn and equals zero elsewhere. 
Thus, Vn belongs to m) and we can consider e~^^Vn for any n € N. 
For each fixed x V the function t i— > e~^^Vn{x) converges monotonously 
to t I— > Nt{x) (by definition of the semigroup on As t Nt{x) is 

continuous, this convergence is even uniformly on compact subintervals of 
(0, oo). Moreover, standard l"^ theory shows that Nn = e~^^Vn satisfies 
■^Nn{x) = —LNn{x) for all t > and x ^ V . By assumption L is a 
restriction of L and we infer 

^Nn{x) = ^b{x,y){Nn{x) - Nn{y)) + c{x)Nn{x) 
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for all X € y and t > 0. This equality together with the uniform convergence 
on compact intervals in (0, oo) and the summability of the b{x, y) in y gives 
uniform convergence of the ^Ar„(x) on compact intervals. Hence, t Nt{x) 
is differentiable on (0, oo) and satisfies the desired equation. □ 

Lemma 5.1. Let N be a bounded solution of + LN = 0, Nq = 0. Then, 
V := e~^°'Ntdt solves (L + a)v = 0. 

Proof. This follows by a short calculation: By boundedness of N and b{x, y) < 
oo, we can interchange two limits to obtain 

Lv{x) = lim / e--^'^LNt{x)dt. 

T^oo Jq 

Using that N solves the heat equation and partial integration we find 
Lv{x) = j\-'%-jNt{x))dt 



Ymi ^-e-*"iVt(x)|Q ae'^'^ Nt{x)dt 



f oo 



= -a / e~*''Nt{x)dt 
Jo 

= —av{x). 

Here, we used boundedness of N and A^o = to get rid of the boundary 
terms after the partial integration. □ 

6. Extended semigroups and resolvents 

We are now going to extend the resolvents/semigroups to a larger class 
of functions. To do so we note that for a function f on V with / > the 
functions g G Cc{V) with < g < f form a net with respect to the natural 
ordering g ~< h whenever g < h. Limits along this net will be denoted 
by liuig^f. As the resolvents and semigroups are positivity preserving, for 
/ > 0, a > 0, t > 0, we can define the functions {L + a)~^f : V — y [0, oo] 
and e-*^/ : V — ^ [0, oo] by 

(L + a)-'^f{x) := lim(L + a)-'^g{x) 

and 

e-*^/(x) := lime-*-^5(x). 

In fact, as we are in a discrete setting, the operators have kernels, i.e. for 
any t>Q there exists a unique function 

e-*^ : y X F ^ [0,oo) with e-*^/(x) = ^ e-*^(ar, y)/(y) 

yev 

for any / > (and similarly for the resolvent). It is not hard to see that for 
functions in £°°(y), these definitions are consistent with our earlier defini- 
tions. 

Theorem 10. (Properties of extended resolvents and semigroups) Let a > 
be given. Let f he a non-negative function on V . 
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(a) Let Kn be an increasing sequence of finite subsets ofV with |Ji^„ = 
V. Let fn be the restriction of f to Kn, und Un := (^^^ +a)~^fn- 
Then, Un converges pointwise monotonously to (L + a)~^f. 

(b) The following statement are equivalent: 

(i) There exists a non-negative I : V — > [0, oo) with (L + a)l > f. 

(ii) {L + a)~^f{x) is finite for any x &V. 

In this case u := {L + a)~^f is the smallest non-negative function I 
with (L + a)l > f and it satisfies {L + a)u = /. 

(c) The equation {L -\- a)~^f{x) = Jq°° e~*"e~*^/(a;)dt holds for any 

X eV. 

Remark. Note that the functions in (a) and (c) are allowed to take the 
value oo. 

Proof. Throughout the proof we let u denote the function (L + a)^^f. 

(a) Let x e V he given. By domain monotonicity Un{x) = {L^Kn + 
a)~^fn{x) is increasing. Moreover, again by domain monotonicity and < 
/ we have 

Unix) = (L^fj + a)-^fn{x) <{L + a)-^fn{x) < (L + a)-^f{x) = u{x) 

for all n. It remains to show the 'converse' inequality. We consider two 
cases. 

Case 1. u{x) < oo. Let e > be given. By definition of the exented 
resolvents there exists then g G Cc{V) with < g < f and 

u{x) — e < (L + a)~^g. 

As g has compact support we can assume without loss of generality that the 
support of g is contained in Kn for all n. By convergence of resolvents, we 
conclude 

(L + a)-'9{x) - e < (L^fj + ar'g{x) 
for all sufficiently large n. Thus, for such n we find 

tx(x)-2e<(LSfJ+«)-yx). 

By 5 < / and supp^ C Ki, we have g < fn for all n. Thus, the last 
inequality gives 

u{x) - 2e < (Lg) + a)-'fn{x) = Un{x). 
This finishes the considerations for this case. 

Case 2. u{x) = oo. Let «; > be arbitrary. By definition of the extended 
resolvents there exists then g € Cc{V) with < g < f and 

K < (L + q;)~^3. 

Now, we can continue as in Case 1 to obtain 

K-2e< (L^fj + a)-'fn{x) = Un{x) 

for all sufficiently large n. As k > is arbitrary the statement follows. 

(b) We first show (ii)=^(i): Recall that n = (L + a)~^f and consider 
g e Cc{V) with 0<g < f. Then, Ug := (L + a^^g solves 

(Z + a)ug = g. 
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Taking monotone limits on both sides and using the finiteness assumption 
(ii) we obtain 

(L + a)u = f. 

This shows (i) (with I = u). 

We next show (i)^> (ii): Let I > satisfy {L + a)l > f. Let {Kn) be 
an increasing sequence of finite subsets of V as in (a) and let /„ be the 

restriction of / to K^- Extend Un := {L^Kn (^)~^fn by zero to all of V. 
Then, Wn := I — Un satisfies: 

• Wn = I > on K^. 

• The negative part of w attains its mimimum on Kn (as Kn is finite) . 

• (L + a)wn = (L + a)l — (L + a)un > / — / = on Kn- 
The minimum principle then gives 

Wn = I — Un > 0. 

As n is arbitrary and Un converges to u by part (a), we find that u < I is 
finite. This finishes the proof of the equivalence statement of (b). The last 
statement of (b) has already been shown in the proof of (i)^" (ii). 

(c) For g G Cc{V) with < g < f the equation 

POO 

{L + a)-^g= / e-^'^e-^^g{x)dt 
Jo 

holds by standard theory on semigroups. Now, (c) follows by taking mono- 
tone limits on both sides. □ 

There is a special function v to which our considerations can be applied: 

Proposition 6.1. For any a > the estimate 

0< {L + a)-'^{al + c) < 1 

holds. 

Remark. Let us stress that c is not assumed to be bounded. 

Proof. As al+c > 0, we have < {L+a)~^{al+c). Moreover, we obviously 
have 

(L + a)l = al + c. 

Thus, (b) of the previous theorem shows (L + a)~^{al + c) < 1. □ 

We will also need the following consequence of the proposition. 

Proposition 6.2. Let (V, b, c) be a symmetric graph and define S : V — ^ 
[0,oo] by 

poo 

S{x) := / e-'^c{x)ds. 
Jo 

Then, S satisfies < S < 1 and LS = c. 

Proof. For g G Cc{V) with < < c and a > we define Sg^a by Sg^a = 
e~°'^e''^^g{x)ds and Sg by Sg = lima-»o ^^^a. Then, 

Sg,a = {L + ay^g i.e. (L + a)Sg^a = 9- 
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By g < al + c for any a > and Proposition 16.11 we have 

Sg,a = {L + ay^g{x) < (L + a)-\al + c){x) < 1. 

As Sg is the monotone hmit of the Sg^a this shows that Sg is bounded by 1. 
Moreover, using the uniform bound on the Sg^a and taking the hmit a — > 
in _ 

(L + a)Sg^a = g 
we find ^ 

L5g = 5 > 0. 

As 5 = linig^c Sg and the Sg are uniformly bounded, we obtain the state- 
ment. □ 

Lemma 6.3. Let u > be given. Then, the following assertions are equiv- 
alent: 

(i) e~^^u < u for all t > 0. 
(h) (L + a)~^u < for all a > 0. 

Any u > with Lu > satisfies these equivalent conditions. 

Proof. The implication (i)^=^(ii) follows easily from {L+a)~^ = J e^*°e~*^di. 
Similarly, the implication (ii)^=^>(i) follows from the standard 

e-*^u = lim u. 

n^co \n \ t ) ) 

As for the last statement we note that Lu > implies 

1 ~ 

— (L + a)u > u. 

a 

By (b) of Theorem [10] the desired statement (ii) follows. □ 

7. Characterisation of stochastic completeness 

In this section, we can finally characterize stochastic completeness. We 
begin by introducing the crucial quantity in our studies. 

Lemma 7.1. Let {V, b, c) be a symmetric graph and m a measure on V with 
full support. Then, the function M : [0, oo) x V — > [0, oo] defined by 

Mtix) := e-*^l{x) + ( e~'^c{x)ds 
Jo 

satisfies < Mg < Mt < 1 for all s > t > and, for each x (z V , the map 
t 1-^ Mt{x) is differentiable and satisfies ^Mt{x) + LMt = c{x). 

Remark. We can give an interpretation of M in terms of a diffusion 
process on V as follows. For x V, let 6x be the characteristic function of 
{x}. A diffusion on V starting in x with normalized measure is then given 
by ^^^^ 6x at time t = 0. It will yield to the amount of heat 

(e-*^^,l) = (^,e-*^l) = Y,e-'^{x,y) 
mix) mix) ^-^ 

within V at the time t. Moreover, at each time s the rate of heat killed at 
y by the killing term c is given by c{y)e~'^^ {x, y). The total amount of heat 
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killed at y till the time t is then given by jQc{y)e '^^{x,y)ds. The total 
amount of heat killed at all vertices by c till the time t is accordingly given 
by 



~frJO Jo ~,r Jo 



y&v"'' yev 

This means that M measures the amount of heat at time t which has not 
been transferred to the boundary of V. 

Proof. By definition we have M > 0. Bv Proposition lH?^ S(x) = e~'^^c{x)ds 
is finite and we can therefore calculate 

t POO 

e-'^c{x)ds = S{x) - e~'^c{x)ds = S{x) - e'*^5(x), 

where the last statement follows by taking monotone limits along the net of 
g € CciV) with < g < c. Thus, 

Mt = e-*^l + S- e-^^S = S + e-*^(l - S). 

From this equality the desired statements follow easily: By Proposition I6.2[ 
we have 1 — S > and L(l — S) = LI — LS = c — c = 0. Lemma 16.31 then 
yields 

e-'^il -S)< e^*^(l -S)<l-S 
for all s > t > 0. Plugging this into the formula for Mt gives 

< Ms < Mt < I 

for all < t < s. 

Moreover, as S and the constant function 1 are bounded we can apply 
Theorem to Mt = e'^^il - S) + S to infer that t ^ M{x) is differentiable 
with 

^Mt{x) = -Le-^^l{x)+Le-^^S{x) = -LMt{x)+LS{x) = -LMt{x)+c{x), 

where we used LS = c. □ 

We now show that integration over M yields a resolvent. 
Lemma 7.2. {L + a)-^{al + c){x) = ae-^°Mt{x)ds. 
Proof. As shown in (c) of Theorem [10] we have 

(L + a)-^(al + c)(x) = / ae-^'^e-^^ (1 + -)(x)dt. 

Jo " 

Thus, it suffices to show that 

oo POO / \ 

e-*"e-*^c(x)dt = J Qe-*° U e-'^c{x)ds] dt. 

This follows by partial integration applied to each (non-negative) term of 
the sum 

e-*^c(x) =^e-*^(x,y)c(y). 
y 

This finishes the proof. □ 
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Remark. Let us stress that the care taken with monotone convergence in 
the above arguments is quite necessary. For example one might think that 
1 = (L + a)~^(L + a) 1. Combined with the previous lemma, this would 
lead to 1 = (L + a)~^{al + c) = ae~^°'Mtdt. However, the phenomenon 
we describe is exactly that the integral can be strictly smaller than l! 

After these preparations we can now prove our first main result. 

Proof of TheoremUl As ae~^'^dt = 1, the previous lemma gives w = 
1 — {L-\-a)~^ {al+c) . Thus, w solves {L+a)w = 0. Moreover, the minimality 
properties of the extended resolvent yield the maximality property of w. 
More precisely, let I be any nonnegative function bounded by 1 with (L + 
a)l > 0. Then, 1 — Hs nonnegative and satisfies 

{L + a){l - I) = c + al - {L + a)l > c + al. 

The minimality property of = (L+a)~^(al+c) then gives 1—w < l — l, 
and the desired inequality I < w follows. 

It remains to show the equivalence statements. 
(v)=> (iv): This is clear as < Mt < 1 and M is continuous. 

(iv) ^=^ (iii): This is clear. 
(iii)^=^ (ii): This is clear. 

(ii)^^ (i): Let be the positive part of /, i.e. l^{x) = l{x) if l{x) > and 
l^{x) = otherwise. If is trivial, the function — / is a nontrivial solution 
and (i) follows. Otherwise a direct calculation shows that is a nontrivial 
subsolution. Obviously, is non-negative. By the maximality property of 
w, we infer nontriviality f w. 

(i)^=^ (v): If there exists a nontrivial non-negative subsolution, then w as 
the largest subsolution must be nontrivial. Hence, there must exist t > 
and X eV with Mt{x) < 1. 

(v) =^ (vi): Lemma 17.11 gives that N := 1 — M satisfies A'^o = and 
■^N + LN = 0. This gives the desired implication. 

(vi) ^=^ (i): This is a direct consequence of Lemma l5.1i □ 

8. Stochastically complete graphs with incomplete subgraphs 

In this section we prove Theorem O The basic idea is to attach stochastic 
complete graphs to each vertex of a possibly stochastically incomplete graph 
such that the resulting graph will be stochastically complete. 

The graphs we attach will be the following. Let {N,b]\[,0) the symmetric 
weighted graph with vertex set A^ = {0, 1,2,...}, 6iv(x, y) = 1 if |x — y| = 1 
and bi\f{x, y) = otherwise and c = 0. Moreover let the measure m on A^ be 
constant m = 1. The next lemma shows that when u solves {Li^+a)u{x) = 
for some a and all x € A^ \ {0} then it is only bounded if it is exponentially 
decreasing. 

Lemma 8.1. For {N,bi^,0), m = 1, let u he a positive solution to the 
equation {Lj^ + a)u{x) = for a > and x > 1. If for some x > 1 

u{x) > u(x - 1) 

2 + a 
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then u increases exponentially. 

Proof. Let u be a positive solution. If (1 + ^)u(x) > u{x — 1) for some x > 1 
we get by the equation (Ljv + q)u{x) = 

= {I + -)u(x) - u{x + I) + {I + -)u{x) - u{x - I) 

> (1 + - n(x + 1). 

This impUes u{x + 1) > (1 + ^)u{x). By induction we get u{y) > (1 + 
^)u{y — 1) for y > X and thus 

uiy) > (1 + 

which gives the statement. □ 

Proof of Theorem\^ Let {W,bw -.cw) be a symmetric weighted graph and 
m a measure of fuh support on W . If (SC) holds we are done, so assume the 
contrary. We will construct a stochastically complete graph {V, b, c) such 
that W '^V and 6|vi/xVF = bw- Define 



degb^ix) = — — Hx,y). 

^ ' y€W 

Let d : W^{0, oo) be a function which satisfies d{x) degf,^{x)m{x) G N and 



oo 



d{xj) = oo 



for any sequence (xj) in V. (For example we can set d{x) = ^ ^ ^ , 

where [x] denotes the smallest integer not exceeding x.) 

To each vertex x € W we associate d{x) degf,^{x)m{x) copies of the graph 
{N,b]\f) defined in the beginning of the section. We do this by identifying 
X & W with the vertices in the associated copies of A'^. We denote the 
resulting graph by V and define 6 on F x 1/ by letting 



bwix,y) 
b{x,y) = { bN{x,y) 




x,y eW, 

x,y in the same copy of N, 
otherwise. 



Moreover we extend c and m to y by letting c = and m = 1 onV\W and 
denote L = Ly. We will show now that for all a > every positive function 
uonV which satisfies (L + a)u = is unbounded. Let u be such a positive 
solution of (L + a)u = and assume it is bounded. 

Fix an arbitrary xq G W and an arbitrary sequence {pr) in M with (2 + 
a)/2 > pr > 1 und J2iPr ~ 1) < cxd. By induction we can now define 
for each r € N an € V such that b{xr,Xr-i) > and pru{xr-\-i) > 
^'^PyeV,b{xr,y)>o''^iy)- Since we assumed u bounded, Lemma [8T] gives u{y) < 
2/(2 + a)u{xr) for each vertex y in a copy of N which is adjacent to Xr. 
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Thus Xr belongs to W. The equation (L + a)u{xr) = now gives 

= } V' b{Xr,y){u{Xr) - u{y)) + ^^^''\ u{Xr) + au{Xr) 

miXr) ^-^ mlXr) 

^ degfe,y(a;)^(xr) + . I ^ 6(xr,y)(u(a;r) - u(y)) - ^ 6(xr,y)u(y) 

\y6V\H^ yew 

- ^4^) - Prdeg,,^{Xr)u{Xr+l). 

In the second inequahty we used a,c{xr),u{xr) > 0. In the third inequahty 
we estimated the sum over y V \ W hy the inequahty of Lemma 18.11 and 
the sum over y G W hy our choice of Xr+i- We get by direct calculation and 
iteration 

"(-«)^M?T^^O"<-'^ (ni) (n(l^-'))"<-'' 

Letting r tend to infinity the product on the right hand side diverges if and 
only if d is chosen such that X^j^i ^iixj) is not converging. (Notice that the 
infinite product over {1/pj) is greater than zero since we assumed (pj — 1) 
summable). Thus by our choice of d we arrive at the contradiction that u 
is unbounded. This construction shows that for every graph {W,bw,cw) 
there is a graph {V, 6, c) which is stochastically complete and {W, bw, cw) is 
a subgraph of {V, b,c). □ 

Remark. An alternative construction is to add single vertices instead of 
copies of A^. For the resulting graph and a function u satisfying (L + a)u = 
the value of u on an added vertex y adjacent to the vertex x in the original 
graph is then determined by (1 + a)u[y) = u[x). The rest of the proof can 
now be carried out in a similar manner. We chose to do the construction 
above to avoid the impression that the stochastic completeness is the result 
of adding some type of boundary to the graph. 

9. An incompleteness criterion 

In this section we prove Theorem [3l which is the counterpart to Theorem 
[2j We have seen there it is not sufficient for a graph to contain a stochasti- 
cally incomplete subgraph to be stochastically incomplete. Theorem [3] shows 
under which additional condition on a subgraph its stochastic incomplete- 
ness implies stochastic incompleteness of the whole graph. This condition is 
about how heavy the incomplete subgraph is connected with the rest of the 
graph. Not having control over the amount of connections leads possibly to 
stochastic completeness as we have seen in Theorem [3l 

For a subset Woi a symmetric weighted graph {V, 6, c) we define the outer 
boundary dW oiW'inV by 

dW = {x (^V\W : 3y G T^, b{x, y) > 0}. 

Note that the outer boundary of is a subset of F \ W. We will be 
concerned with decompositions of the whole set V into two sets W and 
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W' := V \ W. In this case there are two outer boundaries. Our intention 
is to extend positive bounded functions u on W with {L^^'^ + a)u < to 
positive bounded functions v on the whole space satisfying (L + a)v < . 
To do so we wiU have to take particular care on what happens on the two 
boundaries. 

Lemma 9.1. Let (y,b,c) be a connected weighted symmetric graph. Let 
W ^ V he non-empty . Then, any connected component of W = V \ W 
contains a point x G dW . 

Proof. Choose x (^W he arbitrary. By assumption, any y € W is connected 
to a; by a path in V i.e. there exist xq, xi, . . . ,Xn € V with b{xi, Xj+i) > 
and Xq = X, Xn = y. Let m £ {0, . . . ,n} be the largest number with 
Xm e W. Then, 

Xm+i belongs to both the boundary of W and the connected 
component of y. □ 

Lemma 9.2. Let (V,b,c) be a symmetric weighted graph and m a measure 
of full support. Let U ^ V be given. Let f be a non-negative function in 
£'^{U,m). Then, {L^^ + a)^^ip is non-negative on U and positive on the 
connected components of any x £ U with (p{x) > 0. 

Proof. The operator L^^^ is associated to the weighted graph {U, b\^\c^^^). 
Hence Corollary 12.91 gives the statement. □ 

Lemma 9.3. Let (V, b, c) be a weighted symmetric graph and m a measure 
of full support. Let U V be arbitrary. Let u be a function in the formal 
domain F of L and denote the restriction of u to U by v and the restriction 
of u to V \ U by v' . Then, for any x G [/ 

{L + a)u{x) = {l\^^ + a)v{x) ^ V b{x,y)v'{y). 

mix) ^-^ 
^ ' y<^v\u 

Proof. This follows by direct calculation. □ 

Proof, of Theorem\^ Let W he given such that for every a > there 
is a bounded positive function u onW satisfying 

(Z[J)+a)n<0. 

It suffices to show that any such u can be extended to a positive and bounded 
function v onV such that 

(L + a)v < 0. 

To do so we proceed as follows: Set W = V \ W. Define 

^:W' ^R, = V b{x, y)u{y). 

mix) ^-^ 
^ ' yew 

Thus, vanishes on W'\dW and is positive on dW. Now, choose if G £'^{W') 
with < ip < ip and ip{x) ^ whenever -(/'(x) ^ 0. Thus, 

(/? > on and V? = on H^' \ dW. 

Define on W' by 

n' := {L^^]^a)-\. 
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As 99 is positive on dW, combining Lemma |9. II and Lemma 19.21 shows that 
u' is positive (on W). Now, define t> on y by setting v equal to u on Vl^ 
and setting v equal to u' on W'. We now investigate the value of 

{L + a)v{x). 

We consider four cases. _ _ 

Case 1: x W \ dW . Then, (L + a)v{x) = + a)u{x) < by 

assumption on n. 

Case 2: x^W'\ dW. Then, (L + 0)^(2;) = + a)u'{x) = (fix) = by 

construction of u' . 

Case 3: x G dW. Lemma [9^ with U = W gives 

(L + a)v{x) = (L[i?) + a)n(x) - ^ 6(x,y)n'(y) < 0. 

y£W' 

Here, the last inequality follows as {L^!^ + a)u{x) < by assumption on u 
and u' is positive. 

Case 4-' X € dW. Lemma [9?3l with U = W gives 

(Z + a)w(x) = + a)u'{x) - ^ y)u{y) = ip{x) - ipix) < 0. 

This finishes the proof. □ 
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